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Motivation

@ Extreme events in realistic fluids: fields such as vorticity become
intense and localised in space and time

@ Finite-time singularity problem in ideal fluids

@ One would like to understand how vorticity behaves near its
maximum

@ Does the position of the peak vorticity move with the flow? NO

@ How is the spatial structure of vorticity near the peak vorticity?
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Outline

o Definitions and warming up
@ 3D Navier-Stokes fluid equations
@ Vorticity modulus |w|
@ Constantin’s equation and position of maximum vorticity
modulus
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3D Navier-Stokes fluid equations

3D Navier-Stokes

Du
Ft‘ = —Vp+vAu, (1)
V-u = 0, @)

where u = u(x,t) is the velocity vector field (assumed smooth),

xeR3, te[0,T.), and DDt = gt +u-V is the Lagrangian derivative.
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3D Navier-Stokes fluid equations

3D Navier-Stokes

Du
Ft‘ —Vp+vAu, (1)

vVou = 0, )

where u = u(x,t) is the velocity vector field (assumed smooth),

xeR® te[0,T.), and & = & +u-V is the Lagrangian derivative.

Vorticity vector field w =V x u satisfies:
Do
Dt

= (Vu)'w+viw, (3)

where ((Vu)'w); = %wk, j=1,2,8, in Cartesian coordinates
k
(Einstein convention over repeated indices).
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rticity modulus |w| (1/3)

D(X) T . . .
Dr =(Vu) w+vAw (Vorticity Equation)
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Vorticity modulus |w]| (1/3)

D(X) T . . .
Dr =(Vu) w+vAw (Vorticity Equation)

Vorticity decomposition into modulus and direction:
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Vorticity modulus |w]| (1/3)

D
F(;) =(Vu)lw+vAw (Vorticity Equation)

Vorticity decomposition into modulus and direction:
w=wé, o= o, &l =1.

@ Take the vorticity equation and evaluate the scalar product
of each term with the vorticity vector field w. We get:

Dw_ Dw
Dot~ “Dt

o-(Vu)'w+viw),

W?E- (VUu)é+vw- Aw.
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Vorticity modulus |w| (2

w

Dw

Dt

w?E-(VU)é+vw- Aw

Lagrange vs. Euler — WPI, Vien



Definitions and warming up 3D Navier-Stokes fluid equations
Vorticity modulus |w|
Constantin’s equation and position of maximum vorticity modulus

Vorticity modulus |w| (2/3)

« A simple calculation yields

w-Aw= —wQIVEIQ +wAw,
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Vorticity modulus |w| (2/3)

D(U_ 2
T & (VU +ve - Aw

« A simple calculation yields

w-Aw= —wQIVEIQ +wAw,

so we get
%(;) =wé&- (VU)E+vAw—vw|VEP.
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Vorticity modulus |w| (3

%(;) =wé- (VU)é+vAv-vo IVEI2
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Vorticity modulus |w| (3/3)

%(;) =wé- (VU)E+vAw-vo |VEP

» Now, defining the effective stretching rate a as:

azf-(VU)f+v%—v|V§|2,
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Vorticity modulus |w| (3/3)

%(;) =wé- (VU)E+vAw-vo |VEP

» Now, defining the effective stretching rate a as:

azf-(VU)f+v%—v|V§|2,

we arrive at the Constantin-type evolution equation for the
vorticity modulus:
Do

E—wa.
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Constantin’s equation and position of maximum

vorticity modulus (1/2)

Constantin’s equation (explicit form)
0w

5f XD+ DV D) = o(X Da(x.1), ¥xe RS, vte[0,T.)
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Constantin’s equation and position of maximum

vorticity modulus (1/2)

Constantin’s equation (explicit form)
0w

5f XD+ DV D) = o(X Da(x.1), ¥xe RS, vte[0,T.)

@ Define the position of a local maximum of vorticity modulus
w(x,t) as the time-dependent vector Y (t) such that:
0w

0Xj0Xk

Vo(Y(t),t)=0, with (Y(f),t) negative-definite.
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Constantin’s equation and position of maximum

vorticity modulus (1/2)

Constantin’s equation (explicit form)
0w

5f XD+ DV D) = o(X Da(x.1), ¥xe RS, vte[0,T.)

@ Define the position of a local maximum of vorticity modulus

w(x,t) as the time-dependent vector Y (t) such that:

)

Vo(Y(t),t)=0, with 33X,

(Y(f),t) negative-definite.

@ Evaluate Constantin’s equation at x = Y(t). The gradient
term Vw(Y(t),t) vanishes by definition and we get

%—(;)(Y(f),f)=w(Y(t),t)a(Y(t),t), vte[0, T.).
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Constantin’s equation and position of maximum
vorticity modulus (2/2)

%—(;)(Y(t),t)=w(Y(t),t)a(Y(t),t), vte[0,T.)
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Constantin’s equation and position of maximum
vorticity modulus (2/2)

%—(;)(Y(t),t)=w(Y(t),t)a(Y(t),t), vte[0,T.)

@ Notice now that

d ow ay 0w
@ o(y(.0]= 2.0+ L va(v(n.0= 22y,
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Constantin’s equation and position of maximum
vorticity modulus (2/2)

%—(;)(Y(t),t)=w(Y(t),t)a(Y(t),t), vte[0,T.)

@ Notice now that
d ow ay 0w
Zle(Y(O.0] = SV (0.0 + 5 -Vo(Y(0),0) = Z(Y(D).0).
Comparing this with the boxed equation gives finally:

%[w(Y(t),t)]:w(Y(t),t)a(Y(t),t), vte[o,T.).
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Constantin’s equation and position of maximum
vorticity modulus (2/2)

%—(;)(Y(t),t)=w(Y(t),t)a(Y(t),t), vte[0,T.)

@ Notice now that
d ow ay 0w
Zle(Y(O.0] = SV (0.0 + 5 -Vo(Y(0),0) = Z(Y(D).0).
Comparing this with the boxed equation gives finally:

%[w(Y(t),t)]:w(Y(t),t)a(Y(t),t), vte[o,T.).

@ Up to here, it is not obvious whether or not Y(t) follows the
material particles (but it doesn’t).
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Constantin’s equations: Test of numerical data (1/3)

—[w(Y(t), )] =o(Y(t),t)a(Y(t),t), Yte[0,T.)

@ Choose Y(t) to be the position of the global maximum of
vorticity modulus, so w(Y(t),t) = |@(-t)],, (max norm).
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Constantin’s equations: Test of numerical data (1/3)

—[w(Y(t), )] =o(Y(t),t)a(Y(t),t), Yte[0,T.)

@ Choose Y(t) to be the position of the global maximum of
vorticity modulus, so w(Y(t),t) = |@(-t)],, (max norm).

@ We investigate this max norm using data from a
1024 x 256 x 2048 pseudo-spectral numerical simulation of
3D Euler anti-parallel vortices (Bustamante&Kerr 2007).
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Constantin’s equations: Test of numerical data (2/3)
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Constantin’s equations: Test of numerical data (2/3)

@ The position Y(t) is trapped on the “symmetry plane”.

X-Axi8
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Constantin’s equations: Test of numerical data (2/3)

@ The position Y(t) is trapped on the “symmetry plane”.

@ We have stored spatial field data at the symmetry plane, at
selected times t between 5.9 and 9.4.
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Constantin’s equations: Test of numerical data (2/3)

@ The position Y(t) is trapped on the “symmetry plane”.

@ We have stored spatial field data at the symmetry plane, at
selected times t between 5.9 and 9.4.

@ At each selected time t, a spline spatial interpolation is
done to obtain accurate values of the position of vorticity
maximum Y(t).
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Vorticity contours near wort, max,, at time t = 5,9375
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Worticity contours near wort, max,, at time t = B,25
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Worticity contours near wort, max,, at time t = 6,5625
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Worticity contours near wort, max,, at time t = B,875

0.5 T : T T 1
ool
zgf—— ]
0,035 F
0,03 J
0= ]
6.48 6,49 6,5 6,51 6,52 6,52 6,54 6,85 6,56 E.57
®
Vorticity contours on half plane, at time t = B,870
ni —_— |
z
2r J
[eo————
o . . I . .
0 2 4 g g 10 12

D. Bustamante



Definitions and warming up 3D Navier-Stokes fluid equations
Vorticity modulus |

Constantin’s equation and position of maximum vorticity modulus

Worticity contours near wort, max,, at time t = 7,187%

0,045 -—____________————
0,04 e ]
z 0,035 ]
0031 ]
0,025 F .

Bm 6,29 6,3 6,31 6,32 6,33 B‘I34 B‘I35

Vorticity contours on hal; plane, at time t = 7,1875
4+ T 1
z

2r J

00 2 4 g g 10 12

D. Bustamante



Definitions and warming up 3D Navier-Stokes fluid equations
Vorticity modulus |
Constantin’s equation and position of maximum vorticity modulus

0,035 \
® o.03f |
0,025 K
R e e \ . : . . d
E.02 E,03 6,04 6,05 E.06 E.07 E.08 EB.03 EB1 B
®
Vorticity contours on half plane, at time t = 7.5
al — ]
z

2 F 4

0 . . e .

0 2 4 g g 10 12




Definitions and warming up 3D Navier-Stokes fluid equations

Vorticity modulus |

Constantin’s equation and position of maximum vorticity modulus

0,035
0,03
Z0,025
0,02

0,015

Vorticity contours near wort, max,, at time t = 7,8125

ey e — L

5,86

5,87 5,88 5,83 5,9 581 592 593 5534 595
®
Vorticity contours on half plane, at time t = 7,8120




Definitions and warming up 3D Navier-Stokes fluid equations
Vorticity modulus |

Constantin’s equation and position of maximum vorticity modulus

Worticity contours near wort, max,, at time t = 8,125
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Worticity contours near wort, max,, at time t = 58,4375
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Worticity contours near wort, max,, at time t = 8,75
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Vorticity contours near wort, max,, at time t = 9,0625
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Worticity contours near wort, max,, at time t = 9,375
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Spline—interpolated max vort position Y (t) at selected times
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Constantin’s equations: Test of numerical data (3/3)

%[w(Y(t),t)] =w(Y(t), ) a(Y(1),1), Vie[0,T.)

wY),D) & w(Y(tg),tg)+_£)'w(Y(S),S)oz(Y(S),S)dS
12

®
10

6.5 70 75 8.0 85 9.0 t
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Constantin’s equations: Test of numerical data (3/3)

(Y (1).0] = (YO, a(¥(1).0), Yte[o,T.)

We test the data by evaluating independently the values of
w(Y(1),1) ( and red bullets), and the time integral of the
time-interpolated product w(Y(t),t)a(Y(t),t) (blue curve).

wY),D) & w(Y(tg),tg)+L'w(Y(S),S)oz(Y(S),S)dS
12
[ ]

®
10

6.5 70 75 8.0 85 9.0 t
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Outline

e Evolution of position of maximum vorticity modulus
@ Drift equation
@ Understanding the drift
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Evolution of position of maximum vorticity Y(t) (1/2)

By definition: | —(Y(t),{)=0, Vte[0,T.), j=1,2,8.
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Evolution of position of maximum vorticity Y(t) (1/2)

ow

By definition: | —
y definition o

(Y(t),)=0, vte[0,T.), j=1,23.

@ Take time derivative of the above equation. We get:

d [ow 0w dY oVw
g a_x,-( (1),1) —0—ﬁ(y(t)»tﬂﬁ‘a—xj(y(tﬂ)-
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Evolution of position of maximum vorticity Y(t) (1/2)

ow

By definition: | 2%
y definition o

(Y(t),)=0, vte[0,T.), j=1,23.

@ Take time derivative of the above equation. We get:

d [ow 0w dY oVw
gt a_x,-( (1),1) —0—ﬁ(y(t)»tﬂﬁ‘a—xj(y(tﬂ)-

@ The first term in the RHS of this equation can be simplified
using Constantin’s equation. We have in general:

w OV ou
X = —-u(xt)-—(x,t)—— -Vo(x,t
AR IR VR CURE R
ow oa
+ a—xj(x,t)a(x,t)+w(x,t)a—xj(x,t).
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Evolution of position of maximum vorticity Y(t) (2/2)

Evaluating this at x = Y(t) we conclude:

dY 0Vw oa
0=~ ~u(Y().n|- j(Y(l‘)»l‘)+w(Y(f),l‘)a—Xj(Y(f)»f)
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Evolution of position of maximum vorticity Y(t) (2/2)

Evaluating this at x = Y(t) we conclude:

6ch

oa
0= | G~V 0] FEV D)+ (¥ (0.0 VD0
J
s0, in terms of the matrix of 2" derivatives (i.e., Hessian) of ,
2

0“w
0Xj0Xy

D?w(x,t) = (x,1),

which is by definition negative-definite at x = Y(t) and therefore
invertible there, we get the "drift" equation:
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Evolution of position of maximum vorticity Y(t) (2/2)

Evaluating this at x = Y(t) we conclude:

6ch
0= | G~V 0] FEV D)+ (¥ (0.0 VD0
s0, in terms of the matrix of 2" derivatives (i.e., Hessian) of ,
0w
2 =
Dw(x,t) = 5xi0%% (x,1),

which is by definition negative-definite at x = Y(t) and therefore
invertible there, we get the "drift" equation:

dY

S =u(Y(D.0+0(Y(1),0) [-DPu(¥(1).0)] " va(¥(0).1).
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Drift equation

—— =u(Y(t),t)+w(Y(t) 1) [—Dzw(Y(t),t)]_1 va(Y(),1).
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Drift equation

= =u(Y(t),t)+o(Y(t) 1) [—Dzw(Y(t),t)]_1 va(Y(),1).

So the position of the global maximum of vorticity does not
follow the material particles.
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Drift equation
= =u(Y(t), ) +o(Y(D)1) [—Dzw(Y(t),t)]_1 va(Y(t),1).

So the position of the global maximum of vorticity does not
follow the material particles.
We define the “drift vector field” ©(x, t) for x near Y(t):

-1
D(x,1)=0(x,1) |[-DPo(x,1)|  Va(x,t).
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Drift equation
= =u(Y(t), ) +o(Y(D)1) [—Dzw(Y(t),t)]_1 va(Y(t),1).

So the position of the global maximum of vorticity does not
follow the material particles.
We define the “drift vector field” ©(x, t) for x near Y(t):

-1
D(x,1)=0(x,1) |[-DPo(x,1)|  Va(x,t).

Therefore the Drift equation is simply

ay

— = u(Y(),0+D(Y(0).1).
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Drift equation
Understanding the drift

Evolution of position of maximum vorticity modulus

Drift equation: Test of numerical data: x-coordinate

ay
at

-1
D(x1) = wx1)[-Dox1)| Va(x1).

= u(Y(t),)+D(Y(1).1),

YO & Yo+ [ {u(Y(99+D(Y(9,9)ds YO & Yo+ [ u(Y(9,9ds
x-coordinate X~-coordinate
7.0\ 7.0\
6.5 6.5 S
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Drift equation

Evolution of position of maximum vorticity modulus Understanding the drift

Drift equation: Test of numerical data: z-coordinate

ay
at

-1
D(x1) = wx1)[-Dox1)| Va(x1).

= u(Y(t),)+D(Y(1).1),

Y(t) & Y(to)+L‘(u(Y(s),s)+D(Y(s),s)}ds YY) & Y(to)+Llu(Y(s),s)ds
z-coordinate z—coordinate
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Drift equation

Evolution of position of maximum vorticity modulus Understanding the drift

Understanding the drift

-1
D(x,1) = w1 |[-DPox1)| Vax1)

The drift vector points more or less in the direction of
Va(Y(t),t), but this depends on the local profile of vorticity
modulus near the maximum. See t =5.9 snapshot:
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Understanding the drift

-1
D(x1) = wx1)[-Dox1)] Va(xt).
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Understanding the drift

-1
D(x1) = wx1)[-Dox1)] Va(xt).

Key quantities: eigenvalues of w(Y(t),t) [-D?w(Y(t), t)]_1 :
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Understanding the drift

-1
D(x1) = wx1)[-Dox1)] Va(xt).

Key quantities: eigenvalues of w(Y(t),t) [-D?w(Y(t), t)]_1 :
Their square roots define three independent length scales,

Aq(1), Aa(t), A3(E).
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Drift equation
Understanding the drift

Evolution of position of maximum vorticity modulus

-1
D(x1) = wx1)[-Dox1)] Va(xt).

Key quantities: eigenvalues of w(Y(t),t) [-D?w(Y(t), t)]_1 :
Their square roots define three independent length scales,
A1(t),A2(t), A3(t). Interpretation: as radii of the “nominal”
ellipsoids of half-peak vorticity isosurfaces.
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Direct study from numerical data
Equations of motion for length scales
Evolution of length scales of vorticity isosurfaces Application: vortex blob’s circulation

Outline

e Evolution of length scales of vorticity isosurfaces
@ Direct study from numerical data
@ Equations of motion for length scales
@ Application: vortex blob’s circulation
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Direct study from numerical data
Equations of motion for length scales
Evolution of length scales of vorticity isosurfaces Application: vortex blob’s circulation

Direct study from numerical data

Direct computation of eigenvalues of matrix

\/w ) [-D2w(Y (t),l‘)]_1 at each selected time, gives the
foIIowmg symmetry—plane length scales:

Small Length Scale LargeLength Scale

Agmail(t) ALrg(t)

0.08 14
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Direct study from numerical data
Equations of motion for length scales
Evolution of length scales of vorticity isosurfaces Application: vortex blob’s circulation

Equations of motion for length scales

Each of the three length scales satisfies an equation of motion.
We state these without proof:

aa
Z7a = Aava.

o vy, a=1,2,3,

(Vu)+ %(V@)

where v, are the normalised eigenvectors of [D?w(Y(t),1)].
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Equations of motion for length scales

Each of the three length scales satisfies an equation of motion.
We state these without proof:

dA
Zra _ Aava.

dt Va; a=1v2;3)

(Vu)+ %(V@)

where v, are the normalised eigenvectors of [D?w(Y(t),1)].
Application: it is possible to determine how much does the
vorticity profile deviate from self-similarity. Self-similar collapse
at the symmetry plane would imply that the “vortex blob” has
constant circulation:

C(t) = Asmall(t) ALarge(t) ||(U(‘, t)||oo = const.
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Equations of motion for length scales

Each of the three length scales satisfies an equation of motion.
We state these without proof:

dA
Zra _ Aava.

dt Va; a=1v2;3)

(Vu)+ %(V@)

where v, are the normalised eigenvectors of [D?w(Y(t),1)].
Application: it is possible to determine how much does the
vorticity profile deviate from self-similarity. Self-similar collapse
at the symmetry plane would imply that the “vortex blob” has
constant circulation:

C(t) = Asmall(t) ALarge(t) ||(U(‘, t)||oo = const.

Instead, we have, rigorously: %In C(t)= %VQD -D(Y(1),1)
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Vortex blob’s circulation

d 1
N C(t) = 5Van-D(Y(1).1)

Ct) & C(to)e% £'V20-D (Y (9,9 ds

Blob's Circulation
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Direct study from numerical data
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Conclusions

@ We have revealed the laws of motion of the position of the
vorticity maximum in 3D Navier-Stokes and Euler
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Conclusions

@ We have revealed the laws of motion of the position of the
vorticity maximum in 3D Navier-Stokes and Euler

@ Fundamental role of new “Drift” vector field
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Conclusions

@ We have revealed the laws of motion of the position of the
vorticity maximum in 3D Navier-Stokes and Euler

@ Fundamental role of new “Drift” vector field

@ These laws have been used to check validity of
high-resolution numerical simulations
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Conclusions

@ We have revealed the laws of motion of the position of the
vorticity maximum in 3D Navier-Stokes and Euler

@ Fundamental role of new “Drift” vector field

@ These laws have been used to check validity of
high-resolution numerical simulations

@ Fundamental role of the length scales of the vorticity profile
near the maximum
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Conclusions

@ We have revealed the laws of motion of the position of the
vorticity maximum in 3D Navier-Stokes and Euler

@ Fundamental role of new “Drift” vector field

@ These laws have been used to check validity of
high-resolution numerical simulations

@ Fundamental role of the length scales of the vorticity profile
near the maximum

@ Implications regarding collapse self-similarity
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Conclusions

@ We have revealed the laws of motion of the position of the
vorticity maximum in 3D Navier-Stokes and Euler

@ Fundamental role of new “Drift” vector field

@ These laws have been used to check validity of
high-resolution numerical simulations

@ Fundamental role of the length scales of the vorticity profile
near the maximum

@ Implications regarding collapse self-similarity

@ Numerical application of length-scale evolution equations
leads to discovery of small-scale errors
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Conclusions

@ We have revealed the laws of motion of the position of the
vorticity maximum in 3D Navier-Stokes and Euler

@ Fundamental role of new “Drift” vector field

@ These laws have been used to check validity of
high-resolution numerical simulations

@ Fundamental role of the length scales of the vorticity profile
near the maximum

@ Implications regarding collapse self-similarity

@ Numerical application of length-scale evolution equations
leads to discovery of small-scale errors

@ Work in progress: Errors are eliminated by looking at the
slightly mollified version of the underlying PDE
(Navier-Stokes or Euler)
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Thank you

Thank you for your attention! )

D. Bustamante
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